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The combined stratification and melting of ice particles of ice slurries is theoretically de-
scribed by multi-component fluid dynamics and the Continuous-Properties Model (CPM) for 
melting and freezing, applied only to melting. Ice particle stratifications with isothermal 
conditions are studied. Particle distributions as a function of height in the storage tank and 
time are presented. Calculated front propagation times are compared with experimental 
results; they compare well. Furthermore, they show that ice particles with an approximate 
diameter of 200 m, in the average, yield clusters with an equivalent diameter of 500 m. 
 
 
 
1.  INTRODUCTION 
 
Only few investigations of ice particle fields in storage tanks exist. Storage of ice slurries for 
air-conditioning applications with low ice fractions have been performed by Kozawa et al. 
(see 1 and 2). Hong, Kawaji, and Goldstein performed numerical investigations of flow 
fields in a storage tank with forced advection generated by a propeller mixing device by 
applying the commercially available Fluent simulation code 3. Meili et al. showed that - 
after turning off the mixer - homogeneous temperature and also ice particle fields are obtained 
again, if the mixer is taken into operation after a twelve hours intermission 4. These conclu-
sions were mainly based on temperature measurements and taking only few ice slurry samples 
from the tank. Vuarnoz et al. determined stratification processes with initial homogeneous ice 
particle fields of 10.3 % and 21.4 % ice fraction by sucking samples from four different levels 
in a tank and investigating them under a light-transmittance microscope 5. Egolf et al. per-
formed first academic examples of numerical calculations of isothermal stratification pro-
cesses with an ideal maximal packing factor of hundred percent 6 and a more realistic upper 
bound of seventy four percent 7. This article is a continuation of the work presented in Ref’s 
5,6 and 7. 
 
 
 
2. THEORY OF ISOTHERMAL STRATIFICATION 
 
Here the theory describing non-isothermal stratification is only summarized, because a de-
tailed derivation, starting with the ice particle density n, is presented in 6 
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The weighted density of the ice (particle) component is 
 
II c ˆ ,                      (2) 
 
in agreement with the theory of multi-component fluid dynamics. The first term describes 
instationarity of the ice component, the second is the convective term, the third the diffusion 
term, and the fourth the sink/source term. The last term is important, if melting is taken into 
consideration. In chapter 7 a flux density is introduced, which is defined by  
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3.  THEORY OF NON-ISOTHERMAL STRATIFICATION 
 
In Ref. 7 the theory for stratification and melting has been presented. Important is the last 
term of equation (1), which couples the thermodynamic behaviour of the ice particles with 
their fluiddynamic features. It follows 
  
pI VW  ,                          (4) 
 
where   denotes the latent heat of the water-ice phase transition.  
 
The number of particles destroyed by melting multiplied by the work to destroy one particle is 
identical to the heating power per unit of mass 
 
qdivWq p 

1
 .                                   (5) 
 
From this equation, and also by substituting the right-hand side of equation (4), it follows that 
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This is introduced into (1). After introducing Fouriers law and applying some basic cal-
culations (see Ref. 7) one obtains  
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In the case of melting this equation must be combined with a melting model. We apply the 
Continuous-Properties Model (CPM), which is generally introduced in Ref. [8] and applied 
for the first time to ice slurries in Ref. [9]. If stratification occurs, the ice fraction is indepen-
dent of the temperature. Then the CPM must be slightly generalized to become 
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The two initial conditions are defined by a homogeneous temperature and ice particle distrib-
ution in the fluid domain   
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The boundary condition for the particle flux is 
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The second boundary condition describes the heat flux density, which is caused by a tempera-
ture difference between the ice slurry temperature T at the inside of the wall of the tank and 
the ambient temperature TA of the storage tank 
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4. EXPERIMENTAL INVESTIGATIONS OF ICE PARTICLE SHAPES 
 
The experimental method, the test facility and the evaluation techniques have already been 
presented in Ref. [5]. In the first steps, leading to the results in the previous article, statistical 
evaluations of characteristic ice particle sizes were only performed for the initial time (t=0), 
when stratification just starts to occur. At later times only the number of ice particles were 
counted and the evaluation was performed with the statistical material, e.g. effective mean 
length and effective mean width, obtained at t=0. On the other hand slight alterations of ice 
particle shapes as a function of time are observed. A varying velocity with changing diameter 
leads to an alteration of the statistical properties as a function of time. In stratification pro-
cesses particles of larger diameters show smaller settling times and vice versa. In Table 1 and 
FIG. 1 statistical informations on ice particle shapes and sizes are presented as a function of 
time and space. The evaluations to determine the space dependence were performed by re-
moving samples at different heights, namely at four levels at which ice slurry probes can be 
taken from the storage tank. The additional information led to the possibility of improving 
some earlier published results. 
 
It can be seen that the ice particles become smaller as a function of time. This is in contradic-
tion to the observations of a time-dependent increase of particle size (time behaviour). But 
 Approximate time 
Position 
0’ 3.5’ 11’ 13’ 
Level 1 
N / Ne= 846.5 / 50 
cI=38.5 % 
<leff>= 280.6 m 
<beff>= 188.3 m 
leff  =9.6 m 
beff= 48.2 m 
<t> = 0 ’’ 
N / Ne= 560.1 / 50  
cI= 27.1 % 
<leff>= 285.7 m 
<beff>= 185.0 m 
leff = 101.6 m 
beff= 59.9 m 
<t> = 2’30’’  
N / Ne= 569.2 / 50 
cI= 18.9 % 
<leff>= 259.6 m 
<beff>= 165.7 m 
leff  = 74.3 m 
beff= 49.1 m 
<t> = 10’15’’ 
N / Ne =674.9 / 50 
cI= 23.7 % 
<leff>= 256.1 m 
<beff>= 163.85 m 
leff = 112.3 m 
beff= 50.9 m 
<t >= 14’00’’ 
Level 2 
N / Ne= 637.1 / 50 
cI= 27.4 % 
<leff>= 274.9 m 
<beff>= 185.7 m 
leff= 89.2 m 
beff= 49.00 m 
<t> = 0 ’’ 
N / Ne= 579.6 / 50 
cI= 26.7 
<leff>= 269.8 m 
<beff>= 184.1 m 
leff= 97.6 m 
beff= 61.2 m 
<t >= 3’0’’ 
N / Ne = 28.6 / 25 
cI =0.5 % 
<leff>= 215.0 m 
<beff>= 133.1 m 
leff= 73.1 m 
beff= 48.7 m 
<t> = 10’00’’ 
N / Ne = 18.3 / 15 
cI= 0.04 % 
<leff>= 219.0 m 
<beff>= 143.2 m 
leff= 87.8 m 
beff= 48.8 m 
<t >= 12’45’’ 
Level 3 
N / Ne= 895 / 50 
cI = 32.6 % 
<leff>= 256.4 m 
<beff>= 171.6 m 
leff= 92.2 m 
beff= 53.7 m 
<t>= 0 ’’ 
N / Ne= 237.3 / 50 
cI = 6.6 % 
<leff>= 240.6 m 
<beff>= 155.9 m 
leff= 79.3 m 
beff= 50.4 m 
<t>=3’30’’ 
N / Ne = 26 / 20 
cI = 0.5 % 
<leff>= 193.7 m 
<beff>= 144.3 m 
leff= 80.9 m 
beff= 54.5m 
<t >= 11’22’’ 
N / Ne =24 
cI = 0.3 % 
<leff>= 187.4m 
<beff>= 124.6m 
leff= 50.8 m 
beff= 34.6 m 
<t >= 14’00’’ 
Level 4 
N / Ne= 747.6 / 50 
cI = 32.2 % 
<leff>= 269.7 m 
<beff>= 181.1 m 
leff= 104.0 m 
beff= 51.17 m 
<t> = 0 ’’ 
N / Ne= 137.8 / 45 
cI = 2.7 % 
<leff>= 212.75 m 
<beff>= 144.45 m 
leff= 53.2 m 
beff=39.4 m 
<t >= 3’37’’ 
N / Ne = 3 / 3 
cI = 1.3 % 
<leff>= 262.7 m 
<beff>= 142.1 m 
leff= 89.3 m 
beff= 30.1 m 
<t>= 9’07’’ 
N / Ne = 0 / 0 
cI = 0 % 
<leff>= 0 m 
<beff>= 0 m 
leff= 0 m 
beff= 0 m 
<t> = 13’00’’ 
 
Table 1: Statistical data extracted from microscopic photographs for 4x4 time/space 
locations. Level 1 indicates the highest position for the removal of samples and level 4 the 
lowest in the tank (see Ref. [5 ). The quantities are described in the nomenclature. 
because smaller particles have smaller rising velocities (see chapter 5 and 7), the higher the 
time which passes before a sample is sucked out of the tank, the smaller the characteristic 
particle diameters are, which are determined by microscopic observations. 
 
In Fig. 2 the results previously published in  FIG. 5b of Ref. 5 are presented with some small 
improvements based on the additional statistical information obtained for 3.5, 11 and 13 mi-
nutes. Because each evaluation is based on five photographs, which were taken one after the 
other in a fast procedure, in table 1 also the mean time <t> of the observation is listed.  
 
Differences between the first evaluation, published in Ref. [5], and this new one are in every 
case smaller than two percent in the ice concentration, except for the top level (level 1). In this 
single case for a longer time than 10’15’’ the correction is of the order of seven percent of the 
local ice concentration. 
 
 
 
 
Figure 1: Histograms of the ice particles. Number of particles as a function of volume ((106 
m3). The arrangement of the diagrams follows a time and spatial order, which is  identical 
to the one in FIG. 7 of Ref. 5. 
 
 -0.1
0
0.1
0.2
0.3
0.4
0.5
0 5 10 15 20 25
Level 1  
Level 4
Level 3
Level 2
Ic
e 
F
ra
ct
io
n
Time (min)  
Figure 2: The ice fractions in the 
storage tank as a function of time 
are shown. These data have a 
higher accuracy compared to the 
results published in Ref. 5. In the 
previous evaluations the particle 
sizes were only determined at time 
zero. Because the characteristic 
lengths and widths decrease as a 
function of time this leads to small 
corrections. As a result the ice con-
centrations, which are presented 
here, are somewhat smaller. 
 
 
 
 
5. SETTLING VELOCITY OF ELLIPSOIDAL PARTICLES 
 
Details on the derivation of the hindered settling velocity for spherical ice particles are pre-
sented in Ref. 6. The main result is of twofold structure 
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In most of the calculations the quantity cI  in equation (12a) was set equal to 0. But this is not 
the case in the upper bound of the ice concentration. This result is valid for Reynolds numbers 
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
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,            (13) 
 
and a drag coefficient of 
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24
DC .             (14) 
 
This formula can easily be derived. An estimation shows that in our case a characteristic Rey-
nolds number is of the order 10-3. Therefore, the observed and calculated phenomena are 
clearly in the Stokes regime. In 10 generalized drag coefficient curves are published, which 
show slightly higher values for spheroidal particles with a shape factor  
cb
a
s  , 
 
where a,b,c define the length of the half axis of the ellipsoids. For s=1 equation (14) applies. 
 
 
 
6. BUOYANCY FORCE RELATED TO FLUID OR MIXTURE ? 
 
 
In equation (12) the density of the ice slurry is taken as a reference to calculate the buoyancy 
forces. The following calculations were performed for two densities, the density of the ice 
slurry and of the water/additive (e.g. see FIG. 3). The second calculation procedure leads to 
smaller front propagation times, because the density difference is higher. Therefore, it is in bet- 
er agreement with our experimental observations. Because of that reason, numerical si-
mulation results with the density of water/additive in the buoyancy force are presented in this 
article. But the correctness of the chosen method is not so clear to us and yields some material 
for further considerations. At least the chosen procedure corresponds with the technique, 
which is applied by many authors.  
 
 
 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0
500
1000
1500
  Ice Slurry
  Water/Additive 
c
z 
(m
m
)
I
t = 1000 s
d  = 500    mp
c   = 21.4 %I
 
Figure 3: Two numerical calculations of 
an ice particle stratification with dif-
ferent reference densities in the buoy-
ancy term. If the buoyancy - in a macro-
scopic view - is influenced by the overall 
density of the ice slurry, the buoyancy 
force is smaller and the front propa-
gation time is larger. On the other hand 
the density of the water/additive leads to 
smaller propagation times and to a bet-
ter agreement between experimental and 
numerical results. All the parameters of 
the numerical simulations are listed in 
Table 2. 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
    a) level 4, t = 00’ 00’’           b)  level 4, t = 09’ 00’’ 
 
Figure 4: Two photographs (2384m*1603 m) taken at different times at the fourth level 
(lowest position). Photo a) shows a domain full of ice particles and b) a cluster of three con-
nected particles in a water/additive surrounding.  
 
 
 
7. FURTHER NUMERICAL RESULTS OF ISOTHERMAL STRATIFICATION 
 
In the following several results obtained by numerical simulations are presented. The main 
parameters for the calculations are given in Table 2. These results were worked out for two 
different ice concentrations, which were the basis for two classes of experiments. The two ice 
concentrations correspond to those in industrial applications. 
 
 
Physical quantity Symbol Numerical value Dimension 
    
Time t 0-3500 s 
Height h 1570 mm 
Initial ice concentration c0 10.3 / 21.4 mass-% 
Maximal ice concentration cmax 74 mass-% 
Number of time intervals n 10 000 - 
Number of space intervals  k 100 - 
Diffusion coefficient (see Ref. 7) D 0.00002 m2/s 
Initial talin concentration cA 10 mass-% 
Temperature  - 4.50 / - 5.45 °C 
Particle diameter  dp 100-750 m 
 
Table 2 : The parameters for the numerical simulations are listed. 
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Figure 5: Ice particle stratification pro-
cess with isothermal conditions. In this 
case the ice particle diameter was 
chosen to be 500 m. The initial ice 
concentration of 21.4 % can be seen as 
a vertical line, indicating that the ice 
concentration is constant from the 
bottom (z=0) to the top of the tank 
(z=1570 mm). The profiles converge 
toward a steady state solution, which is 
obtained at circa 1500 s. At the be-
ginning of the process the stratification 
is approximately  linear in time. 
Figure 6: In this figure the influence 
of the ice particle diameter on the stra-
tification process is shown. The pro-
cess was calculated to occur during 
750 s. Five different diameters of 
spherical ice particles have been cho-
sen. The velocity is proportional to the 
square of the diameter (see equation 
(12)). The steady state solution occurs 
much earlier, if the particles are lar-
ger. The curve corresponding to a par-
ticle diameter of 500 m can also be 
found in FIG. 5. 
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Figure 7: The ice concentration (a), the density component (b), the velocity (c), and the flux 
density (d) are shown for an ice particle diameter of 200 m. The figure for the ice 
concentration can also be found in FIG. 6  with the parameter dp=200 m. 
In FIG. 5 a stratification process as a function of time is shown. It reaches a steady-state 
solution after approximately 1500 s. The dependence on ice particle diameter is shown in 
FIG. 6. In FIG. 7 the most important physical quantities are presented. At the initial time (t=0) 
the ice particle field was assumed to be homogeneous. After this initial time the stratification 
process started to occur. A period of 750 s later the physical quantities have developed toward 
the distributions presented in the four graphs of FIG. 7. 
 
 
  
8. FRONT PROPAGATION TIMES 
 
Vuarnoz et al. have experimentally observed front propagation times in a storage tank for two 
initial ice concentrations 5 (see FIG. 8). With the same experimental device the ice particle 
statistics was determined. Studying Table 1 we can state that the particles are approximately 
ellipsoidal with a mean width to mean length ratio of  0.7. If we assume that we would have 
spherical particles with identical volume the equivalent diameter would be approximately 
dp=200 m. With this parameter the numerical simulations cannot explain the observed front 
propagation times, which are the times when the last particles are observed at a level of 
observation. The only uncertain quantities in the simulations are the particle diameter and the 
viscosity, because of the time behaviour. The viscosity was calculated with formula (5.2/5a) 
in Ref. 6. The formula corresponds quite well to the Thomas model. Then we assumed that 
only the particle diameter is a free parameter and determined the optimal values to describe 
the measurements. The results are consistent in the sense that for 10.3 % and 21.4 % initial ice 
concentrations, in both cases, the obtained diameters are circa 500 m. For the smaller initial 
ice concentration the values are a little higher, with an upper bound of 750 m.  
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Figure 8: Experimental and theoretical results of ice particle front propagations. The three 
equal times in the experimental data in figure a) are explained by the fact that in the 
measurements of the front propagation time for each level the experiment was repeated. In 
the second figure b) the experimental results reach a higher level (A-B), because an ice 
layer is lifted out of the fluid. This phenomenon is not described by the physical model (A-
C). 
The experimental observations can only be explained, if we assume that a small number of 
ice particles stick together. And this is indeed observed in most of our photographs, e.g. 
see in Ref. 5 and FIG. 9. 
 
 
 
 
 
 
 
 
 
 
      a) Level 3, t = 10’ 45’’         b) Level 2, t = 04’ 30’’           c) Level 4, t = 02’ 45’’ 
 
 
Figure 9: Three photographs (2384 m*1603 m) taken at different times and positions. They 
clearly show some small ice particle clusters. For comparison in figure a) on the left two circles of 
diameter 200 m and 500 m are shown. In figure b) in the left lower corner a particle is seen 
which originally consisted of two particles. Even the boundary between these two particles has 
vanished. Agglomeration and combination of such a type may explain the observed time behaviour. 
In c) also meso-scale clusters are observed. 
 
 
 
Front propagation times were determined from figures as FIG. 5. The z values on the ordinate 
(on the left) determine the front propagation times. The diffusion “tails” were not taken into 
consideration. 
200 m 
500 m 
 Clusters show higher drag coefficients than spheres. Therefore, the actual cluster sizes will be 
even a little larger than 500 m. The higher buoyancy forces of larger particles is compen-
sated by the larger drag force caused by the irregular shapes of the clusters. 
 
 
 
9.  CONCLUSIONS AND OUTLOOK 
 
The numerical simulation results are in good agreement with experimentally observed front 
propagation times. But the agreement is only obtained by assuming too large ice particle 
diameters in the numerical simulations. This observation can be explained by assuming a 
development of a large number of medium-sized clusters in the suspension. And such clusters 
are really observed. Some are shown in photographs taken of samples of ice slurries with dif-
ferent ice concentrations. 
 
Some uncertainity in the choice of the density in the description of the buoyancy force in 
Stokes law must be clarified and the studies of clusters should be further improved. Further 
statistical material on clusters (mean equivalent diameters, mean drag coefficients, etc.) would 
be very useful informations to continue and improve the work in this important domain of ice 
slurry research. 
NOMENCLATURE 
 
Standard  
   
cp  specific heat at constant pressure 
c concentration, fraction  
d  diameter  
div divergence operator   
D  diffusion “constant”, resp. function  
div  divergence operator 
h height   
j

 flux density 
k number of space increments   
k thermal conductivity 
l length 
  latent heat 
n  number of time intervals 
N Number of particles    
qp source and sink     
q  heat flux density      
t time     
T absolute temperature    
U overall heat transfer coefficient 
v velocity component in axial direction 
v

 vector of velocity 
V volume 
w width     
W work (heat) to melt a single ice particle 
  
Greek 
 thermal diffusivity 
 general variable     
 Laplace operator    


 normal boundary vector  
 domain of ice slurry in a storage vessel 
 boundary of fluid domain 
 dynamic viscosity 
 temperature
T temperature    
 density 
ˆ  density of ice (particle) component 
 standard deviation  
  gradient operator   
 
 
 
Indices 
 
A ambient 
e evaluated 
eff effective 
I ice 
p particle (ice particle)  
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